TORI IN THE CREMONA GROUPS 

VLADIMIR L. POPOV* 



(2JQ[ Abstract. We classify up to conjugacy the subgroups of certain types 

in the full, in the affine, and in the special affine Cremona groups. We 
prove that the normalizers of these subgroups are algebraic. As an appli- 
cation, we obtain new results in the Linearization Problem generalizing 
to disconnected groups Bialynicki-Birula's results of 1966-67. We prove 
"fusion theorems" for n-dimensional tori in the affine and in the special 
affine Cremona groups of rank n. In the final section we introduce and 
discuss the notions of Jordan decomposition and torsion primes for the 
Cremona groups. 
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1. Introduction 

This work arose from the attempt to solve the problem posed in [Po05i], 
[P0O52]. In these papers have been introduced the notions of root a and root 
vector D of an affine algebraic variety X with respect to an algebraic torus 
T C AutX. Namely, D is a locally-nilpotent derivation of the coordinate 
algebra of the variety X, and a is a character of the torus T such that t* o 
Dot*' 1 = a(t)D for all t E T. These definitions are inspired by the natural 
analogy with the classical definitions of the theory of algebraic groups and 
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purport an attempt to apply to, in general, infinite dimensional group Aut X 
the techniques important in the theory of usual algebraic groups 1 . 

In [Po05i], [P0O52] the following two problems related to the classical case 
where X = A n and T = D* is the maximal diagonal torus that leaves fixed 
the standard volume form (see below (9)) have been posed: 

(R) Find all the roots and root vectors of the variety A™ with respect to 
D* 

(W) Describe the normalizer and centralizer of the torus in the group 
Aut* A™ of automorphisms of the space A ra that leave fixed the stan- 
dard volume form. 

Problem (R) has been solved by Liendo in [Lill]. The answer is the fol- 
lowing. Let xi, . . . ,x n be the standard coordinate functions on A n and let 
£1, . . . , e n be the "coordinate" characters of the standard n-dimensional di- 
agonal torus D n in Aut A n (see below (8) and (10)). Then, up to multiplica- 
tion by a nonzero constant, the root vectors are precisely all the derivations 
D of the form 

a%---a%{d/dxi), (1) 

where h, - ■ ■ ,l n are nonnegative integers and l{ = 0. The root a correspond- 
ing to root vector (1) is the restriction to D* n of the character 

The problem mentioned in the beginning of this introduction is Problem 
( W) . It is clear that it is aimed at getting a description of the "Weyl group" 
of the root system from Problem (R). We solve it in the present paper. 
Namely, we prove (Theorem 14) that the normalizer (centralizer) of the 
torus -D* in Aut*A n coincides with its normalizer (centralizer) in SL n , so 
that the Weyl group of D* in Aut*A n is the same as that of Z?* in SL n — it 
is the group of all permutations of the characters £1, . . . ,e n . 

In fact, this result is only one special case of the series of general results 
that we obtain here. Namely, D* is only one of the infinitely many nonconju- 
gate diagonalizable algebraic subgroups G of dimension ^ n — 1 in the 
group Aut A™. We prove that the normalizer of G in Aut A™ always is an 
algebraic subgroup in Aut A n (Theorem 16). It is the characteristic property 
of the specified dimensions: in general, for the diagonalizable subgroups of 
dimension ^ n — 2 it does not hold. Moreover, in the case when nonconstant 
G-invariant polynomial functions on A™ exist, we explicitly describe the 
normalizer of G in Aut A n , in particular, we show that in all but one cases it 
coincides with the normalizer of G in a group conjugate to GL n (Theorem 6). 

Using the found information, we obtain the new results in the Lineariza- 
tion Problem. In 1966-67 Bialynicki-Birula proved [B-B66], [B-B67] that 
every algebraic action on A™ of an algebraic torus of dimension ^ n — 1 
is equivalent to a linear action. We extend this statement to disconnected 
groups proving that every algebraic action on A™ of either an n-dimensional 

4n [Po05i], [P0O52] was considered the case where X = A™ and T is the maximal 
diagonal torus that leaves fixed the standard volume form, but this restriction plays no 
role in the definition. 
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algebraic group whose connected component of identity is a torus, or an 
(n — l)-dimensional diagonalizable group is equivalent to a linear action 
(Theorems 13 and 15). 

We also obtain the following classifications: 

(i) the classification of diagonalizable subgroups of the group Aff n of 
affine transformastions (see below (6)) up to conjugacy in the full 
Cremona group Cr n = Bir A n (Theorem 1); 

(ii) the classification of n-dimensional diagonalizable subgroups of Aut A" 
up to conjugacy in Aut A™ (Theorem 11); 

(iii) the classification of (n — l)-dimensional diagonalizable subgroups of 
Aut* A™ up to conjugacy in Aut* A™ (Theorem 12); 

(iv) the classiciation, up to conjugacy in Aut A™, of maximal n-dimensio- 
nal algebraic subgroups G in Aut A n such that G° is a torus (Theo- 
rem 11); 

(v) the classiciation, up to conjugacy in Aut*A n , of maximal (n — 1)- 
dimensional algebraic subgroups G in Aut* A n such that G° is a torus 
(Theorem 14); 

(vi) the classification of (n — l)-dimensional diagonalizable subgroups of 
Aut A n up to conjugacy in Aut A n (Theorem 15); 

(vii) the classification of diagonalizable subgroups in Aut A™ of dimension 
^ n — 1 up to conjugacy in Cr n (Theorems 11 and 17); 

(viii) the classification of one-dimensional tori of Aut A 3 up to conjugacy 
in Aut A 3 (Theorem 18). 

For instance, we prove that the set of classes of (n — l)-dimensional diag- 
onalizable subgroups of Aut A™ that are conjugate in Aut A™ is bijectively 
parametrized by the set of nonzero nondecreasing sequences 

(h,...,l n )€Z n , (2) 

such that (h ... , l n ) ^ (— l n ... , with respect to the lexicographic order. 
Under this parametrization, to sequence (2) corresponds the class of the 
subgroup ker e^ 1 • • • s l ™ . 

Another example: we show that diagonalizable subgroups of Aff„ are 
conjugate in Cr n if and only if they are isomorphic and we specify their 
canonical representatives. In particular (see Corollary 5), every two isomor- 
phic finite Abelian subgroups of Aff n are conjugate in Cr n (for finite cyclic 
subgroups this has been proved in [B106i]). 

In [SelO] Serre proved "fusion theorem" for the torus D n in Cr n . We prove 
and use "fusion theorems" for n-dimensional tori in Aut A n and in Aut* A n+1 
(Theorem 9). 

In the final section, developing further the theme of analogies between the 
Cremona groups and algebraic groups, we introduce and discuss the notions 
of Jordan decomposition and torsion primes for the Cremona groups. In the 
course of discussion, we formulate some open questions. 

Acknowledgment. I am grateful to J.-P. Serre for the comments. 
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Notation and conventions. 

In the sequel, "variety" means "algebraic variety over the fixed algebrai- 
cally closed field k of characteristic zero" in the sense of Serre's FAC [Se55]. 
Apart from the standard notation and conventions of [Bo91] and [PoVi94] 
used without reminders we also use the following: 

- Mat mxn (R) is the set of all matrices with m rows, n columns, and 
the coefficients in R. 

- Nh(S) and Zh{S) are, respectively, the normalizer and centralizer of 
the subgroup S of the group H. 

- n d is the subgroups of order d in G m . 

- X(D) is the group of rational characters of the diagonalizable algebraic 
group D. 

- x(-X") is the Euler characteristic of the variety X relative to the l- 
adic cohomology (for k = C, by [La81] it coincides with the Euler 
characteristic relative to the usual cohomology with compact supports 
(cf. also [KrPo85, Appendix])). 

- If the group G acts on a set M and cp: G x M —> M is the map 
defining this action, then for the subsets S C G and X C M, the 
subset ip(S x X) C M is denoted by S ■ X (each time it is clear 
from the context what cp is meant). In particular, by G ■ a is denoted 
the G-orbit of the point a. By G a is denoted the G-stabilizer of the 
point a. 

the standard coordinate functions on A n : 
Xi(a) := dj, a := (ai, . . . , a n ) G A n . 

In the sequel it is assumed that all considered algebraic groups are affine 
and all their homomorphisms are algebraic. Below all tori and diagonalizable 
groups are algebraic. 

An action of a group G on a vector space V is called locally finite, if for 
every vector v G V the linear span of the orbit G ■ v is finite dimensional. 

The group Cr n := Bir A n is called the Cremona group of rank n. The map 
ip i-> ((p*)^ 1 identifies it with Autfc/c(xi, . . . ,x n ). Every birational isomor- 
phism X — > A ra identifies Cr n with Bir A. For every g £ Cr ra the functions 

<?i = 9*{xi) G fc(A n ) (3) 

determine g by the formula 

^(a) = (01(a), . . . ,g n (a)) if a is defined at a G A n ; (4) 
we use the notation 

( gi ,...,g n ):=g. (5) 

By means of the notion of "algebraic family" S — > Cr n (see [Ra64]) the 
group Cr n is endowed with the Zariski topology (see[SelO], [B110]). If a 
homomorphism G — > Cr ra of an algebraic group G is an algebraic family, 
then its image is called an algebraic subgroup of Cr„ (see [Pol2]). 

The subgroup 

Aut A n := {(gi,.. . ,g n ) G Cr n | g u . . .,g n G k[A n ] = k[x u . . . , x n ]} 
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is called the affine Cremona group of rank n. 

It contains the algebraic subgroup of affine transformations 

AfT n = {{gi, . . . ,g n ) G Aut A n | deg gi = . . . = deg g n = 1}, (6) 

and Aff„, in turn, contains the algebraic subgroup of linear transformations 

GL n = {g G Aff„ | 5 (0) = 0}. 

If g = (#1, . . . , g n ) G Aut A n (see (5)), then we put 

Jac(g) := det(dgi/dxj). 

Since g G Aut A n , we have Jac(g) G k \ {0}. Therefore, g i-> Jac(g) is 
the homomorphism of Aut A™ in the multiplicative group of the field k. Its 
kernel 

Aut* A™ := {/ G Aut A n | Jac(g) = 1} 

consists of the automorphisms of A n that leaves fixed the standard volume 
form; it is called the special affine Cremona group of rank n — 1 (regarding 
the ranks in these names see Theorems 2(i) and 4(i) below). The latter 
group contains the algebraic subgroup 

SL n := GL„ n Aut* A n . 

The embeddings Cr n Cr n+ i, (g 1 , . . . ,g n ) i-> (gi,... 

j 9ni %n+l 

) are ar- 
ranged the tower Cri Cr2 • • • Cr n • • • . Its direct limit Cr^ is 
called i/ie Cremona group of infinite rank, see[Pol2, Sect. 1]. 
In GL ra is distinguished the "standard" maximal torus 

D n := {(hxi, . . . t n x n ) \h,...,t n ek} C GL n . (7) 

Its normilizer in GL n is the group of all monomial transformations in GL n : 

NGL n (D n ) = {(hx aW ,. . .,t n x a{ n)) I a G S n , h, . .. ,t n G k} C GL n , (8) 

where S n is the symmetric group of degree n. In Aut*A n is contained the 
torus 

D* n := D n nAut*A n = {{t lXl , . . . ,t n x n ) \ h, . . . , t n G k, h ■ ■ ■ t n = 1}. (9) 
The "coordinate" characters £1, . . . ,e n of the torus D n defined by 

£i-.D n ^G m , (iixi, . . . ,t n x n ) i-)- U, (10) 
constitute a base of the (free Abelian) group X(D n ). 

2. Some subgroups of Cr n 

In the sequel we consider the elements of the group Z n as rows of length n. 
Then the rows of any matrix A = (a^) G Mat mxn (Z) become the elements 
of this group and we use the following notation: 

TZa '■= the subgroup of Z™ generated by the rows of matrix A, (11) 

m 

D n (A) = P| kerXi, where A; := e^' 1 ■ ■■£?■**. (12) 
i=i 
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If m = 1, then in place of D n {[l\ . . . l n )) we write D n (li, . . . , l n ). In partic- 
ular, 

D n (0,...,0) = D n . (13) 
Clearly, D n (A) is a closed subgroup of D n and (see (11)) 

D n (A)= p| kerei 1 ■■■ e , ». (14) 

(h,...,«n)e^(A) 

Recall the terminology used below (see, e.g., [Vi03] and [MaMi64]). 

Every finite Abelian group G decomposes as a direct sum of cyclic sub- 
groups of orders d±, . . . , d m , where d; L divides for i = 1, . . . ,m — 1, and 
di > 1 if |G| > 1. The numbers di, . . . ,d s are uniquely determined by G 
and are called the invariant factors of G. 

Every nonzero integer matrix A can be transformed by means of elementa- 
ry transformations of its rows and columns into a matrix S = (sjj) such that 
only the coefficients su for i = 1, . . . , r are nonzero and sa divides Sj+i^+i 
for i = 1, . . . , r — 1. The integers su, . . . , s rr are uniquely determined by A 
(sjj = fi/fi—i, where /j is gcd of the minors of order i of the matrix A and 
fo := 1) and are called the invariant factors of matrix A. The matrix S is 
called the Smith normal form of matrix A. 

Lemma 1. If B is obtained from A <G Mat mxra (Z) by means of the elemen- 
tary transformations of rows and columns, then the subgroups D n (A) and 
D n (B) are conjugate in Cr n . 

Proof Let ri,...,r n be some base of the group X(D n ). Then (see (12)) 
Aj = r^ 1 ' 1 • • • Tn' n for some Cy £ Z and 

m 

D n (^) = f|kerr 1 Ci ' 1 ---r^". (15) 

i=i 

The group Aut gr D n of automorphisms of the algebraic group D n is natu- 
rally identified with GL n (Z). Its natural action on the set of bases of the 
group X(D n ) is transitive. Therefore, there is an automorphism 

ip e Aut gr D n , (16) 

such that Tj o ip = e i for each i. From (15) it then follows that 

<p-\D n (A)) = D n (C), C = (dj) € Mat mxn (Z). (17) 

Since the map of varieties D n — s- A n , (t\X\, . . . , t n x n ) >->■ (ti, . . . ,t n ), is 
a birational isomorphism, by means of it we can identify the group Cr n = 
Bir A™ with the group of birational automorphisms of the underlying variety 
of torus D n . Then ip becomes an element of the group Cr n and from (16) 
and (17) it is easy to deduce that in this group we have the equality 

if^D^ip = D n (C). 

Further, notice that if the base t±, . . . , r n is obtained from the base £i, . . . 
. . . , e n by an elementary transformation, then the matrix C is obtained from 
A by an elementary transformation of columns, and every elementary trans- 
formation of columns of A is realizable in this way. Also, notice that if the 
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sequence (pi, ... , (p m G X(D n ) is obtained by an elementary transformation 
from the sequence Ai, . . . , A m , then L> n (^4) = P|^=i ker Vi> the matrix (cjj) 
defined by the equalities ifi = e^' 1 ■ ■ ■ £n' n is obtained from A by an elemen- 
tary transformation of rows, and every elementary transformation of rows 
of A is realizable in this way. 

Clearly, the said implies the claim of lemma. □ 

Corollary 1. If S is the Smith normal form of matrix A, then the subgroups 
D n (A) and D n (S) are conjugate in Cr n . 

Lemma 2. 

(i) Let q\ ^ • • • ^ q r be all the invariant factors of matrix A G Mat mxn (Z) . 
Then the group D n {A) is isomorphic to 

A* gi x ••• x x G£T r . (18) 

(ii) The closed [n — m)- dimensional subgroups of D n are every possible 
subgroups D n (A), where A G Mat mxn (Z), vkA = m, and only they. 

(iii) K A = {(h,...,l n ) G Z" | D n (A) C kere[ 1 ---s 1 ^} for every A G 
Mat mxn (Z). 

(iv) If A G Mat sxn (Z), 5 G Mati Xn (Z), i/ien 

(a) D n (A) = D n {B) if and only ifUA = Kb] 

(b) The following properties are equivalent: 

(bi) D n (A) and D n (B) are conjugate in GL„; 
(b2) D n (A) and D n (B) are conjugate in N GLn (D n ); 
(b2) by a permutation of columns, it is possible to tranform B 
into a matrix C such that IZa = Ttc- 

Proof, (i) Let S = (sij) be the normal Smith form of matrix A. Then sn = 
qi,...,s rr = q r and = in the other cases. Hence D n (S) is isomorphic 
to group (18). But D n (A) is isomorphic to D n (S) by Corollary 1. This 
proves (i). 

(ii) From (i) we deduce that 

dim D n (A) = n-rk A; (19) 

therefore, dim D n (A) = n—m, where ikA = m. Conversely, let H be a closed 
subgroup of D n such that dimH = n — m. Then D n /H is an m-dimensional 
torus [Bo91, p. 114] and therefore, there is an isomorphism a: D n /H — s- G™. 
Let Aj G X(D n ) be the composition of homomorphisms 

D n JL> Dn /H ^ G™ Gm , 

where ir s the canonical projection and pr^ is the projection to the ith factor. 
Then H = f|™ i ker Aj. From (12) we then deduce that H = D n (A) and from 
(19) that rkA = m. This proves (ii). 

(iii) From (11), (12) it follows that the left-hand side of the equality 
under proof is contained in the right-hand side. Proving the inverse inclusion 
consider a character A = e^ 1 • • • e l ™ whose kernel contains D n (A) . Without 
changing D n (A) and TZa, we can leave in A only the rows that form a base of 
the group TZa removing the other rows, i.e., we can reduce our considerations 
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to the case where rkA = m. Consider then the characters Ai, . . . , A m defined 
by formula (12), and the homomorphism 

In view of (12), we have ker ip = D n (A). From this and (19) it follows that 
dim (/?(!)„) = m. Therefore, p> is a surjection. Hence G™ is the quotient 
group of D n by D n (A) and <p is the canonical homomorphism to it. Since 
A is constant on the fibers of tp, the universal property of quotient implies 
the existence of character fi : G™ — > G m such that A = fi o (p. Hence A = 
A^ 1 • • • X™ for some c±, . . . ,c m 6 Z, and this means that . . . , l n ) £ TZa- 
This proves (iii). 

(iv)(a) If D n (A) = D n (B), then TZa = TZb because of (iii). Conversely, if 
TZa = TZb, then D n (A) = D n (B) because of (14). This proves (iv)(a). 

(iv)(b) By fusion theorem [SeOO, 1.1.1] the subgroups D n {A) and D n (B) 
are conjugate in GL„ if and only if they are conjugate in NQ-^ n (D n ). But (8) 
and (12) imply that D n {A) and D n (B) are conjugate in NQ-^ n (D n ) if and 
only if by a permutation of columns one can obtain from B a matrix C such 
that D n {A) = D n {C). Because of (iii) (a), the latter equality is equivalent 
to the equality TZc = TZa- This proves (iv)(b). □ 

Corollary 2. 

(i) Let (h, . . . ,Z„)^(0, . . . ,0) and d:=gcd(h, . . . ,l n ). ThenD n (h, ...,/„) 
is isomorphic to fj, d x G™ -1 . In particular, the group D n {l\, . . . , l n ) is 
connected (i.e., is a torus) if and only if d = 1. 

(ii) The closed (n — 1)- dimensional subgroups of D n are every possible 
subgroups D n (l\, . . . , l n ) with . . . , l n ) ^ (0, . . . , 0) and only they. 

(iii) D n (h, ...,l n ) = D n (l[, ...,l' n ) if and only if 

(l 1 ,...,l n ) = ±(l[,...,l' n ). 

(iv) The following properties are equivalent: 

(ivi) D n (li, . . . , l n ) and D n (l[, . . . , l' n ) are conjugate in GL n ; 
(iv 2 ) D n (li, ...,l n ) and D n (l[, ... ,l' n ) are conjugate in N GLn (D n ); 
(iv3) there is a permutation a € S n such that 

(h, ■■■ Jn) = ±(C(1)' • • • ' C(n))' 

The following Lemma 3 gives an effective numerical criterion for the equa- 
lity TZa = TZb from Lemma 2 (iii). 

Let A G Mat mxn (Z), rk^4 = m. For every strictly increasing sequence of 
m integers i\, . . . , i m taken from the interval [1, n], put 

Ph,...,i m (A) :=detA iu ... tim , (20) 

where Ai limmmt i m is the submatrix of matrix A obtained by intersecting rows 
with numbers 1, . . . , m and columns with numbers i\, . . . , i m (it is natural 
to call the Ph,...,i m (Ays the Pliicker coordinates of matrix A). 

Lemma 3. For every two matrices A and B £ Mat mX n(Z) of rank m the 
following properties are equivalent: 

(i) TZ A = TZ B . 
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(ii) Two conditions hold: 

(a) either Pi u ...,i m (A) = Pi u ...,i m (B) for allh, . . . ,i m , or p iu ... tim (A) = 
-Ph,...,im(. B ) for all n, ...,i m ; 

(b) for every sequence i±, . . . ,i m such that Pi lt ...,i m (A) / 0, the fol- 
lowing inclusion holds: 

B il ,..., im (A iu ... iim )- 1 € Mat mxm (Z). (21) 

Proof. Whereas rkA = rkB = m, the rows of A and B form the bases in 
TZa and TZb respectively. Therefore, TZa = TZb if and only if when there is 
a matrix Q G GL m (Z) such that 

A = QB. (22) 
Let TZ A = TZ B - Then (22) implies that 

Ai lt ... : i m = QBi ly ^ y i m (23) 

for every ii,...,i m , and therefore, Pi 1 ,...,i m {A) = det QPi u ...,i m (B) because 
of (20). Since Q € GL m (Z), we have det Q = ±1. Hence condition (h)(a) 
holds. If Pi u ...,i m (A) ^ 0, thenpj lr .. iim (B) / as well, hence B iu _ tim is non- 
degenerate and (23) implies that Q = Ai,...,i m (-Sii,...,i m ) -1 - Hence condition 
(ii) (b) holds. This proves (i)=>(ii). 

Proving the inverse implication, consider Z™ as a subset of the coordinate 
vectors space (of rows) Q n . Condition (ii)(a) shows that the Q-linear spans 
of subsets TZa and TZb of Q n have the same Pliicker coordinates. Hence these 
spans are one and the same linear subspace L (see, e.g., [ShRe09, Theorem 
10.1]). Since the rows of A and rows of B form two bases in L, there exists 
a matrix P € GL m (Q) such that A = PB. Therefore, Aj^...^ = P-Bj^...^ 
for every h,...,i m and hence P = A il: ^ im (B h: _ :im )- 1 if p il ,..., im {B) / 0. 
Then (ii)(b) implies that P G GL n (Z). Therefore, TZ A = TZb- This proves 

pi)=Ki). □ 

Remark 1. 

1. In the proof of Lemma 3 it is established that, in fact, (h)(a) implies 
that the matrix 5ji,...,i m (^u,...,i m ) _1 is independent of the choice of a se- 
quence ii, . . . ,i m for which Pi 1 ,...,i m {A) ^ 0. Therefore, (ii) (b) follows from 
(ii)(a) and feasibility of (21) for any one such a sequence. 

2. If m = l, then (h)(b) follows from (h)(a) (but for m > 1 this is not so). 

Theorem 1 (Classificaton of diagonalizable subgroups of Aff n up to conju- 
gacy in Cr n ). 

(i) Two diagonalizable subgroups of the group Aff n are conjugate in Cr n 
if and only if they are isomorphic. 

(ii) Any diagonalizable subgroup G of the group Aff„ is conjugate in Cr n 
to a unique closed subgroup of the torus D n that has the form 

ker £^} +l n . . . n ker ef +s n ker e r+s+ i n . . . n ker e n (24) 

where ^ r ^ n, ^ s ^ n, r + s ^ n, 2 ^ d\ and di divides 
di+\ for every i < s. The integers determining subgroup (24) have 
the following meaning: r = dimC and d\,...,d s are all the invariant 
factors of the finite Abelian group G/G . 
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Proof. Since maximal reductive subgroups of algebraic group are conjugate 
(see [BoSe64, 5.1]) and GL n is one of them in Aff„, every diagonalizable 
subgroup of Aff n is conjugate to a subgroup of GL n . In turn, every diago- 
nalizable subgroup of GL„ is conjugate to a subgroup of the torus D n 
(see[Bo91, 1.4.6]). In view of Lemma 2(ii) this shows that it suffices to 
prove (i) for the subgroups D n (A) and D n (B) of the torus D n . Further, ap- 
pending, if necessary, zero rows we may assume that A and B have the same 
number of rows. Let now D n {A) and D n {B) be isomorphic. Then their di- 
mensions are equal and the groups D n (A) j D n (A)° and D n (B) / D n (B)° have 
the same invariant factors. This and Lemma 2(i) imply that the matrices A 
and B have the same invariant factors (because the latter are obtained by 
appending the same number of l's to the invariant factors of the specified 
groups). Hence the normal Smith forms of A and B arc equal. By Corollary 
1 this implies that D n (A) and D n (B) are conjugate in Cr n . This proves (i). 

It is clear that the integers determining subgroup (24) have the meaning 
specified in (ii). Since every diagonalizable group is a direct product of a 
finite Abelian group and a torus, it is uniquely, up to isomorphism, deter- 
mined by its dimension and the invariant factors of the group of connected 
components. This and (i) implies (ii). □ 

Corollary 3. D n (A) and D n (B) are conjugate in Cr„ if and only if A and 
B have the same invariant factors. 

Corollary 4. Every torus T in Aff„ is conjugate in Cr n to the torus D r , 
r = dimT. 

Proof. This follows from Theorem 1 (ii) - □ 

Corollary 5. Every two isomorphic finite Abelian subgroups of Aff n are 
conjugate in Cr n . 

Proof. Since char k = 0, every element in Aff n of finite order is semisim- 
ple. Hence every finite Abelian subgroup of Aff n is reductive, and therefore, 
is conjugate in Aff n to a subgroups of GL„ (see the proof of Theorem 1). 
But every commutative subgroup of GL„ consisting only of semisimple el- 
ements is diagonalizable (see[Bo91, Prop. 4.6(b)]). The claim now follows 
from Theorem l(i). □ 

Corollary 6 ([B106i, Thm. 1]). Every two elements in Aff n of the same 
finite order are conjugate in Cr n . 

3. Tori in Cr n , Aut A™, and Aut*A n 

Theorem 2 (Tori in Cr n ). 

(i) In Cr„ there are no tori of dimension > n. 

(ii) In C r n every r -dimensional torus for r — n,n — l,n — 2 is conjugate 
to the torus D r . 

(iii) If n ^ 5, then in Cr n there are (n — 3) -dimensional tori that are not 
conjugate to subtori of the torus D n . 

(iv) Every r- dimensional torus inCv n is conjugate inCr„ +r to the torus Dj, 

(v) In Cv 00 every r -dimensional torus is conjugate to the torus D r . 
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Proof, (i) This is proved, e.g., in [De70], see also [Pol2, Cor. 2.2]. 

(ii) According to [B-B66, Cor. 2] (see also [Pol2, Cor. 2.4(b)]), every r- 
dimensional torus in Cr n for r = n, n — 1, n — 2 is conjugate to a subtorus 
of the torus D n . Therefore, the claim follows from Corollary 4. 

(hi) This is proved in [Pol2, Cor. 2.5]. 

(iv) According to [Pol2, Thm. 2.6], every r-dimensional torus in Cr r is 
conjugate in Cr n+r to a subtorus of the torus D n+r . Therefore, the claim 
follows from Corollary 4. 

(v) This follows from (iv). □ 

Corollary 7. 

(i) In C i n every n- dimensional torus is maximal. 

(ii) In Cr„ there are no maximal (n — 1)- and (n — 2) -dimensional tori. 
(hi) For n ^ 5, in Cr„ there are maximal (n — 3) -dimensional tori. 

Remark 2. For n ^ 3, Theorem 2 gives the classification of tori in Cr n up 
to conjugacy: the classes of conjugate nontrivial tori are exhausted by that 
of the tori Di,..., D n . 

Let (h,...,l n ) G Z n be a nonzero element with gcd(Zi, . . . , l n )=l. Clearly, 
the homomorphism 

G m -»• D n , t^ (f 1 X\ , . . . , t n x n 

), (25) 

is an embedding and every embedding G m <^-> D n is of this form. Denote 
by T(l±, . . . , l n ) the image of embedding (25). It is a one-dimensional torus 
in D n and every one-dimensional torus in D n is of this form. 

Lemma 4. The following properties are equivalent: 

(i) T(h,...,l n )=T(l' 1 ,...,l' n ). 

(ii) (h,...,l n ) = ±(l[,...,l' n ). 

Proof. (i)=>(ii) This is clear. 

(ii)=>(i) Assume that (i) holds. Take an element t G G m of infinite order. 
From (i) and the definition of T(l±, . . . , l n ) we deduce that there is an element 

17/ 11/ lilt J Jf 

s G G m such that t * = s • for every i = 1, . . . , n. Hence t i i = s 1 i = » 
for every two nonequal integers i and j taken from the interval [l,n]. Since 
the order of t is infinite, this implies that klj — ljV { = 0. Hence 

4: £) = '■ 

Therefore, (Zi,...,Z n ) = . . . ,l' n ) for some 7 G Q, or, equivalently, 
p(h,...,l n ) = q(l[,...,l' n ), where p,q G Z, gcd(p, 5) = 1. Hence p di- 
vides each of l[, . . . , l' n , and q divides each of l±, . . . , l n . Since the integers in 
each of these two sets are coprime, this implies that 7 = ±1, i.e., (ii) holds. 
□ 

Theorem 3 (Tori in Aut A"). 

(i) In Aut A™ every n-dimensional torus is conjugate to the torus D n . 
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(ii) In Aut A™ all (n — 1)- dimensional tori are exhausted, up to conju- 
gacy in Aut A™, by all the groups of the form D n (l±, . . . , l n ) with 
{h,...,l n ) / (0, . ..,0) and gc&(h, ... ,l n ) = 1. 

(iii) In Aut A 3 all one- dimensional tori are exhaused, up to conjugacy, by 
all the groups of the form T(l±, I2, 13). 

Proof. According to [B-B66] and [B-B67], every r-dimensional torus in the 
group Aut A n for r = n and n — 1, respectively, is conjugate to a subtorus 
of the torus D n . This and Corollary 2 imply (i) and (ii). 

According to [KKM-LR97] , every one-dimensional torus in Aut A 3 is con- 
jugate to subtorus of the torus D3. This implies (iii). □ 

Theorem 4 (Tori in Aut* A"). 

(i) In Aut* A™ there are no tori of dimension > n — 1. 

(ii) In Aut*A n every [n — 1)- dimensional torus is maximal and conjugate 
to the torus D* n (see (9)). 

Proof, (i) If Aut*A n contains an n-dimensional torus T, then by Theorem 
3(i) there is an element g G Aut A n such that 

T = gD n g- 1 . (26) 

Replacing g by gz, where z G D n is an element such that Jac(z) = det z = 
1/Jac(<7), we may assume that g G Aut*A n . This and (26) imply that 
D n C Aut*A n , — a contradiction. This proves (i). 

(ii) Let S be an (n — l)-dimensional torus in Aut*A n . By Theorem 3(i) 
and Corollary (ii) of Lemma 2, there are g G Aut A n and (h,...,l n ) G Z n 
such that 

S = gD n (h,...,l n )g- 1 . (27) 

As in the proof of (i), we may assume that g G Aut* A™. From (27) it 
then follows that D n (li, ...,/„) C Aut*A n . This and D n n ker Jac = D* := 
D n (l, . . . , 1) imply the inclusion D n (l\, ...,/„) C D* r By Corollary (i) of 
Lemma 2, both sides of this inclusion are (n — l)-dimensional tori. Hence it 
is the equality. This proves (ii) □ 

Remark 3. For Aut A™ and Aut* A™, unlike for Cr n (see Corollary T(iii) ) , at 
present nothing is known on the existence of tori of nonmaximal dimension. 
This problem is intimately related to the Cancellation Problem: Is there an 
affine variety X not isomorphic to A m , m = dim A, such that X x A d is 
isomorphic to A m+d for some dl If the answer is positive, then in Aut A™ 
and Aut* A™ with n = m + d there exists a maximal torus T of a nonmaximal 
dimension. Indeed, multiplying, if necessary, X xA d by A 1 , one may assume 
that d ^ 2. Let A be the character t t of the torus G m . Consider the 
linear action of G m on A d with precisely two isotypic components: one is 
(d — l)-dimensional of type A, another is one-dimensional of typer A 1 ^. It 
determines the action of G m on X x A d via the second factor and hence, 
an action of G m on A™. Consider in Aut A n the torus that is the image of 
G m under the homomorphism determined by this action. The construction 
implies that this torus lies in Aut*A n . Let T (respectively, T') be a maximal 
torus of Aut A n (respectively, of Aut*A n ) that contains this image. If T is 
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n-dimensional (respectively, T' is (n — l)-dimensional), then by Theorem 3(i) 
(respectively, by Theorem 4) it is conjugate to a subtorus of the torus D n 
and, therefore, the specified action of T (respectively, T') on A™ is equivalent 
to a linear one. Hence the action of G m on A n is equivalent to a linear one 
as well, and therefore, the set F of its fixed points is isomorphic to an affine 
space. But, by the construction, in A d there is a single G m -fixed point, 
consequently, F is isomorphic to X — a contradiction. 2 

4. Orbits and stabilizers of the action of D n (li,..., l n ) on A n 

Here we establish some properties, needed for what follows, of orbits and 
stabilizers of the natural action on A n of the group 

G:=D n (h,...,l n ). (28) 

Clearly, every coordinate hyperplane 

Hi := {a £ A" Xi (a) = 0} (29) 

is G- invariant. 

Lemma 5. The G-stabilizer of every point of A™ \ U£=i Hi * s trivial. 

(i) If . . . , l n ) = (0, . . . , 0), then A n \ UILi Hi is a G-orbit, and dimen- 
sion of the G-stabilizer of every point of IJILi Hi is positive. 

(ii) // (li, . . . ,l n ) ytz (0, . . . , 0), then dimG • a = n — 1 for every point 
a€A«\U?=i^- 

Proof. This immediately follows from (28), (12), (4) and Lemma 2. □ 

We now consider the case 

(li,...,Z n )^(0,...,0). 

Lemma 6. // k ^ 0, then the open subsubset Oi := Hi \ U 3 yi Hj ^ n Hi * s a 
G-orbit. 

Proof. By virtue of G-invariance of Oi, it suffices to show that Oi is con- 
tained in a G-orbit. Since k / 0, the equation x li = a has a solution for any 
a G k, a / 0. This and (28), (12) imply that for any two points 

b= (6i, . . . , 6j_i, 0, 6 i+ i, . . . , b n ), c= (ci, . . . , Cj_i,0, c i+ i, . . . ,Cn) efy \ (J 

there exists an element </ = (tixi, . . . ,t n x n ) € G such that £j = bj 1 ^ for 
every j 7^ i. From (4) we then obtain that g ■ b = c, as required. □ 

Lemma 7. The following properties are equivalent: 

2 Added on August 2, 2012. Theorems 3 and 4 and Remark 3 remain valid when the char- 
acteristic p of the ground field k is positive. In the preprint N. Gupta, A counter-example 
to the Cancellation Problem for the affine space A 3 in characteristic p, arXiv: 1208.0483 
published today, is proved that the hypersurface X in A 4 defined by the equation x™xi + 
£3 + x'4 + x sp — 0, where m, e, s are positive integers such that p e \sp and sp\p e , is not 
isomorphic to A 3 , but X x A 1 is isomorphic to A 4 . By Remark 3, this implies that, for 
char A: > and every integer n ^ 5, there are maximal tori of nonmaximal dimension in 
AutA" and Aut*A". 



11 



VLADIMIR L. POPOV 



(i) all the numbers l±, . . . , l n are nonzero and have the same sign; 

(ii) G-orbit of every point of A™ \ |J™ =1 Hi is closed in A 1 ; 
(Hi) G-orbit of some point of A? \ UILi ^ * s c l° se d * n A™. 

Proof. Consider a point 

a=(a 1 ,...,a n )£A n \Ul =1 H l . 

Assume that (i) holds. Suppose that the G-orbit of the point a is not 
closed in A™. Then its boundary can be accessed by a one-parameter sub- 
group, i.e., there is homomorphism ip: G m — > G such that there is a limit 

lim t _, ^(i) -a = be G-a \G-a (30) 

(see [PoVi94, Thm. 6.9]); the latter means that the morphism G m = A 1 \ 
{0} —7- A n , t I—)- p(t) ■ a, extends to a morphism A 1 — > A n that maps to 
the point b. As p is algebraic, there is a vector (d±, . . . , d n ) G Z™ such that 
ip(t) = (t dl xi, . . . ,t dn x n ) for every t G G m . Since ip(t)-a = (t dl ai, . . . ,t dn a n ) 
and at ^ for every i, the existence of the specified limit means that 

di^0,...,d„^0. (31) 

On the other hand, it follows from <p(t) G G and (28), (12) that t dlh+ - +dnln 
= 1 for every t, i.e., 

dih + --- + d n l n = 0. (32) 

But (31), (32) and condition (i) imply that d± = ■ ■ ■ = d n = 0. Hence b = a 
contrary to (30). This contradiction proves (i)=^(ii). 

Conversely, assume that (i) is not fulfilled, i.e., among l±,...,l n there 
are either two nonzero numbers with different signs, or one number equal 
to zero. In the first case, let, for instance, be h > 0, Z2 < 0. Then 
(12) implies that the image of the homomorphism ip: G m — > D n , t 1— >■ 
{t~ l ' 2 x\,t ll X2, X3, . . . , x n ), lies in G. Since 

Ymi t ^Qp{t) ■ a = (0, 0, a 3 , . . . , a n ) <£ G ■ a, 

this shows that the orbit G ■ a is not closed. In the second case, let, say, 
a\ = 0. Then G contains the image of the homomorphism p: G m — > D n , 
t 1— >■ (tx±, X2, • • • , x n ) and, since 

lim t ^ p(t) ■ a = (0, a 2 , . . . , a n ) <£ G ■ a, 

the orbit G ■ a is not closed. This proves (iii)=>(i). □ 

From Lemmas 5, 6, and 7 we infer 

Corollary 8. // all the numbers h, . . . ,l n are nonzero and have the same 
sign, then in A n there are precisely n nonclosed (n — 1)- dimensional G- 
orbits — these are the orbits Oi, . . . , O n from Lemma 6. 

Remark 4. Recall from [Po70] that an action of an algebraic group on an 
algebraic variety is called stable, if orbits of points in general position are 
closed. Lemma 7 shows that the following properties are equivalent: 

(i) all the numbers li, . . . ,l n are nonzero and have the same sign; 

(ii) the action G on A™ is stable. 
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Lemma 8. Assume that none of the numbers h,...,l n are equal to ±1. 
Then the following properties of the point a = (ai, . . . , a n ) G A™ are equiva- 
lent: 

(i) a has a nontrivial G- stabilizer; 

Proof. Lemma 5 implies (i)=>(ii). Now assume that (ii) holds. Then there 
are the indices i\, . . . , i a , where s ^ 1, such that cij = for j = i\,...,i s 
and Oj 7^ for other j's. It follows from (4), (28), and (12) that an element 
(tiXi, . . . ,t n x n ) G D n lies in the G-stabilizer of the point a if and only if 
tj = 1 for j / i\ , . . . , i s and 

>>:■■■>';: i- (33) 

Since there is no ±1 among the numbers l\, . . . , l n and k is an algebraically- 
closed field of characteristic zero, equality (33), considered as the equation 
in t , . . . , U s , has at least two solutions. Hence the G-stabilizer of the point 
a is nontrivial. This proves (ii)=>-(i). □ 

Lemma 9. // among li, . . . , l n there are two nonzero numbers with different 
signs, then every G-orbit contains (0, . . . , 0) in its closure. 

Proof. For definiteness, let, for instance, be 

h > 0, l 2 ^ 0, . . . , l s ^ 0, l s+1 < 0, l s+2 < 0, ...,l n < 0. 

Choose a positive integer d so large that 

q :=l 2 + ■■■ +l s + dl s+1 + l s+2 + ••• + /„< 0. 

Since —ql\ + Z1/2 + • • • + ^iZ s + hdl s +i + + • • • + l\l n = 0, from (28) and 
(12) we infer that the image of the homomorphism 

ip: G m ^D n , {t- q x u t h x 2 , . . . ,t h x s ,t hd x s+1 ,t h x s+2 . . . ,t h x n ) (34) 

lies in G. On the other hand, since the numbers —q, h and d are positive, 
(4) implies that for every point a £ A n the limit lim^o'/ 3 ^) ■ a exists and is 
equal to (0, ... ,0). □ 

Now consider the case where and ±1 are contained among li, . . . ,l n , 
there are at least two nonzero /j's, and all of them have the same sign. By 
(12), without loss of generality we may assume that this sign is positive. 
Up to replacing the group G by its conjugate by means of an element of 
NGL n (D n ), we may then assume that 

li = . . . = l p = 1, l p+ i ^ 2, . . . , l q ^ 2, l q+ i = . . . = l n = 0, 

where p^l,n>q^p and q ^ 2. 

Lemma 10. Assume that (35) holds. Take a point a = (01, . . . , a n ) G A n . 

(i) Lei a ^ (J™ =1 ffj. Then the orbit G -b, where b = (a±, ... ,a q ,0, ... ,0), 
lies in the closure of the orbit G ■ a, is closed, and dimG • b = q — 1. 

(ii) Let a £ Hi. Then the group G a is 

(a) trivial if 1 ^ i ^ p and a £ Oi (see Lemma 6); 

(b) nontrivial and finite ifp+l^i^q and a G Of, 
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(c) has positive dimension if i > q. 

Proof. From (28), (12), and (35) it follows that the image of the homomor- 
phism 

If : G m > D n , t I—?- (xi , . . . , Xg, tXq+i , . . . , tx n ), 

lies in G. Hence the point 

\im t ^ ip(t) ■ a = (ai, . . . , a q , 0, . . . , 0) = b (36) 

lies in the closure of the orbit G ■ a. 

Now let a ^ UILi Hi- ^ the OI "bit G • b is not closed, then, as in the proof 
of Lemma 7, there exist a homomorphism 

^:G m ->G, t^{t dl Xl ,...,t d "x n ), (37) 

such that c := lim.t^.otp(t) ■ b G G ■ b\G ■ b. From (36) it follows that d\ ^ 

0,...,d q ^0, and from (35), (28), and (12) it follows that cMiH Vd q l q = 0. 

Since l\, . . . , l q are positive, this yields d\ = . . . = d q = 0. In view of (36), 
from this we infer that ip(t) ■ b = b for every t, and therefore, c = b — a 
contradiction. Thus, G ■ b is closed. Since cti, . . . , a q are nonzero, (28), (12), 
(4), (35), and (36) imply that an element (tixi, . . . ,t n x n ) G D n lies in Gb if 
and only if t\ = . . . = t q = 1. This proves (i). 

The arguments analogous to that used in the proof of Lemma 8 yield (ii) . 

□ 

Finally, consider the case where one of the numbers h, . . . , l n is equal to 
±1 (in view of (12), without loss of generality we may assume that it is 
equal to 1), and all the others are equal to 0. 

Lemma 11. Let k = I and let lj = for j / i. For any s G k denote by 
H(s) the hyperplane in A n defined by the equation Xi + s = 0. Then: 

(i) Uj^i Hj is the set of points with nontrivial G -stabilizer (that automa- 
tically has positive dimension) . 

(ii) The open subset H(s) \ [Jj^Hj of H(s) is an (n — 1)- dimensional 
G-orbit and every (n — 1)- dimensional G-orbit is of this form. 

Proof. Part (i) immediately follows from (4), (28), and (12), and part (ii) fol- 
lows from (i), the invariance of H(a), and the equality dimG = dim if (a) = 
n- 1. □ 

5. The group N AutA n(D n (h, l n )) 

First, we shall prove several general statements about normalizers for the 
actions on arbitrary affine varieties. 

Lemma 12. Let X be an irreducible affine variety and let G be an algebraic 
subgroup of AutX. Then the following properties are equivalent: 

(i) N\ ut x(G) is an algebraic subgroup of AutX. 

(ii) The natural action of N\ ut x{G) on k[X] is locally finite. 
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Proof. (i)=>(ii) This follows from the fact that the natural action on k[X] of 
every algebraic subgroup of Aut A is locally finite (see [Bo91, Prop. 1.9]). 

(ii)=>(i) Assume that (ii) holds. Then in k[X] there is an N Aut x(G)- 
invariant finite dimensional /c-linear subspace V containing a system of gen- 
erators of the fc-algebra k[X]. Hence the homomorphism 

p: Xxutx{G) — >■ GL(V*) 

determined by the action of ./VAutx(G) on V is an embedding. Consider the 
^Aut x (G)-equivariant map 

i-.X^V*, i{x){f) := f(x) for every x G X, f G V. 

The standard argument (see[Bo91, Prop. 1.12]) shows that p\q is a mor- 
phism of algebraic groups, and t is a closed embedding. Identify X with 
i{X) by means of i, and N Aut x(G) with p(N\ ut x(G)) by means of p. Then 
X is a closed subvariety of V*, and NA u tx(G) and G are the subgroups of 
GL(V*); besides, G is closed, and 

N A ntx(G) C JV GL(V .)(G) n Tran GL(y ,)(X,X), where (38) 
Tran GL(y *)(X,X) := {g G GL(F*) | 5 • X C X}. (39) 

In fact, in the right-hand side of (39) the equality g-X = X automatically 
holds: indeed, X is irreducible and closed in V* , and g G Aut V* implies 
that g ■ X is a closed subset of X of the same dimension as X. Hence 
Tran GL (y*)(X, X), as well as Nqu v *)(G), is a subgroup of GL(V*), and 
therefore, the right-hand side of (38) is a subgroup of GL(V*). Its elements 
normalize G an, being restricted to X, are the automorphisms of X; whence, 
they lie in A^Autx(C). Therefore, 

N A utx(G) = iV GL(v .)(G) n Tran GL(y *)(A,X). (40) 

From closedness of G in GL(y*) and that of X in V* we deduce, respecti- 
vely, that iV GL (y*)(G) and Tran GL( y*) (X, X) are closed in GL(V*) (see 
[Bo91, Prop. 1.7]). This and (40) imply that iV A utx(G) is closed in GL(V*). 
Hence iVAutx(G) is an algebraic subgroup of Aut A. □ 

Theorem 5. Let X be an irreducible affine variety and let G be a reductive 
algebraic subgroup in Aut X such that 

k[X] G = k. (41) 

In either of the following cases -/VAutx(G) is the algebraic subgroup of Aut X: 

(i) G has a fixed point in X. 

(ii) G° is semisimple. 

Proof. Take / G k[X]. We shall prove that in each of cases (i) and (ii) the 
/c-linear span of the orbit NA u tx{G) ■ f is finite dimensional. The claim of 
the theorem will then follow from Lemma 12. 

Let M (G) be the set of isomorphism classes of algebraic simple G- modu- 
les. If L is an algebraic G-module, denote by L M its isotypic component of 
type peM(G). 
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Since G is reductive, we have (see [PoVi94, 3.13]) 

k[X]= k[X]n (42) 

The group NA u tx(G) permutes the isotypic components of the G-module 
k[X}. 

Since k[X]^ is a finitely generated fcpfp-module (see [PoVi94, Thm. 
3.24]), (41) implies that 

dimfc k[X]^ < oo for every /z. (43) 

In view of (42), there are elements //i, . . . ,/x s G M(G) such that 

k[X}^^0 foralH, and f e k[X]^ ® ■ ■ ■ ® k[X]^ a . (44) 

(i) Assume that in X there is a G-fixed point a. Since closed orbits 
are separated by G-invariant regular functions (see [PoVi94, Thm. 4.7]), it 
follows from (41) that there are no other G-fixed points in X. Hence a is 
fixed by ./VAutx(G) as well. Therefore, the ideal 

m a := {/ € k[X] | f(a) = 0} 

is A r Autx(G)-invariant. Hence every member of the decreasing filtration 

m a D • • • D m„ D mf +1 D ■ ■ ■ . (45) 

is A^Autx(G)-invariant. This filtration has the property (see [AtMa69, Cor. 
10.18]) that 

fK = 0. (46) 
d 

In view of (45), we have a decreasing system of nested linear subspaces 
{/cLY] M n | d = 1,2,...}. Since they are finite dimensional (see (43)), 
there is such that k[X}^ n = k[X]^ n mf +1 for every <i ^ d^. From 
(46) it then follows that, in fact, 

k[X}^ n mi = for every d ^ d„. (47) 

Let ! £ Z, I ^ maxjd^j , . . . , d Ms }. From (47) it follows that 

fc[X] Mi nm^ = for every i = 1, ... ,s. (48) 

Since the natural projection tt: k[X] — > k[X]/m l a is an epimorphism of 
G-modules, we have Tr{k[X}^) = (k[X]/m l a ) li for every /j, € A4(G). Whereas 

dimfc fcLY]/m^ < oo, 

(see [AtMa69, Prop. 11.4]), this implies finiteness of the set of /z £ A4(G) 
such that 

k[X]^0 k[X]^nm l a = 0. (49) 

Let {Ai, . . . , At} be this set. Since (49) holds for /z = /zi, . . . , /z s (see (44), 
(48)), we may assume that 

Xi = m i = l,...,s. (50) 

Whereas the group A?Autx(G) permutes the isotypic components of the G- 
module k[X] and sends m l a into itself, it permutes . . . , k[X]\ t . Hence 
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/c[X]a! © • • • © * s an ^Aut A™ (G)-invariant subspace of k[X]. In views 

of (43), (44), and (50), it is finite dimensional and contains /. Hence the 
fe-linear span of the orbit Nj^ ut x(G) ■ f is finite dimensional, as claimed. 

(ii) Let G° be semisimple. From the Weyl formula for dimension of simple 
G°-module and finiteness of the index [G : G°] it follows that, up to iso- 
morphism, there are only finitely many algebraic simple G-modules whose 
dimension does not exceed any preassigned constant. This implies finiteness 
of the set of /x G M(G) such that 

k[X]fj,^0 dim fc k [X] M < max dim fc k [X] w . 

i 

Let {Ai, . . . , At} be this set. We may assume that (50) holds. Since NAutx{G), 
permuting isotypic components, preserves their dimensions, A;[X]^ © • • • © 
k[X]x t is invariant with respect to N\ ut x(G). The proof can be now comple- 
ted as in case (i). □ 

Corollary 9. Let X and G be the same as in Theorem 5 and let k = C. 
Assume that the variety X is simply connected and smooth, and xPO = 1- 
Then N\ ut x(G) is an algebraic subgroup of Aut X. 

Proof. By corollary of theorem on etale slice (see [Lu73, III, Cor. 2] and 
[PoVi94, Thm. 6.7]), condition (41) and smoothness of X imply that X is a 
homogeneous vector bundle over the unique closed G-orbit O in X. Hence 
O is simply connected and xPO = x(C)- Being affine, O is isomorphic 
to G/H for some reductive subgroup H (see [PoVi94, Thm. 4.17]). The 
conditions that G/H is simply connected and x(G/H) = 1 imply that G = 
H (see [KrPo85, 5.1]). Hence O is a fixed point. The claim now follows from 
Theorem 5(i). □ 

Corollary 10. Let G be an reductive algebraic subgroups of Aut A n and 
/c[A n ] G = k. Then AA u tA n (G) is the algebraic subgroup o/Aut A n . 

Proof In view of char/c = 0, by the Lefschetz principle [Ha77, 15.1] we 
may assume that k = C. Since A n is simply connected and smooth, and 
x(A n ) = 1, the claim follows from Corollary 9. □ 

Remark 5. The following example shows that condition (41) alone (for irre- 
ducible affine X and reductive G) does not, in general, imply that N\ ut x{G) 
is algebraic. 

Example 1. Let G be an algebraic torus of dimension n ^ 2. Take as X 
the underlying variety of the algebraic group G. Its group of automorphisms 
AutgrG is embedded in Aut X and is isomorphic to GL n (Z). The action of G 
on X by left translations embeds G in Aut X. These two subgroups generate 
Aut A, more precisely, Aut A = Aut gr G x G. Therefore, N\ n tx(G) = 
Aut X. Let g £ Aut gr G be an element of infinite order and let f±, . . . , f n £ 
k[X] be a base of X(G). Then g d -fi G X(G) for every d G Z and i = 1, . . . , n, 
and the set C\ := {g d ■ | i G Z} is finite if and only if the stabilizer of f, L 
with respect to the cyclic group generated by g is nontrivial. Assume that 
all C\, . . . , C n are finite. Then there is d G Z, d ^ 0, such that g d ■ fi = f% for 
every % = 1, . . . , n. Since fi,...,f n is a base in X(G), this means that the 
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autormorphism g d is trivial contrary to the assumption that the order of g is 
infinite and d 7^ 0. Hence Cj is infinite for some i. Since different characters 
are linear independent over k (see [Bo91, Lemma 8.1]), this implies that the 
/c-linear span of the set Cj (and hence of the orbit NAutx(G) ■ fi) is infinite 
dimensional. 

We shall now use the obtained information in the proof of algebraicity of 
the groups AT Aut A "(Ai(Zi, ■ ■ ■ , l n ))- 

Theorem 6. N\ ut A™ {D n {l\, . . . ,l n )) for every l±, ... ,l n is an algebraic sub- 
group of Aut A n . Moreover, 

(i) N AntA n(D n ) = N GLn (D n ). 

(ii) If(h,...,l n ) + (0,...,0), then 

N A ntA»(D n (h,...,l n ))QN GLn (D n ) (51) 

in either of the following cases: 

(a) all the numbers l\, . . . ,l n are nonzero and have the same sign; 

(b) none of the numbers l\, . . . , l n is equal to ±1; 

(c) the numbers l\,...,l n contain and ±1, at least two of them 
are nonzero, and all nonzero of them have the same sign. 

(iii) If k = 1 and lj = for j ^ i, then N\ ut A n (Dn(h, ■ ■ ■ , In)) is isomor- 
phic to A^gl„_i (Dn-i) x Affi and consists of all (g±, . . . ,g n ) G Aff n 
of the form 

g, {''■''" l: (52) 
[tjXj + S j = i, 

where t±, . . . , t n , s G k and a is a permutation of the set {l,...,i — + 
1,. . .,n}. 

Proof. If G is a subgroup of Aut A n and g <G A"Aut Ap(G), a € A ra , then 



g(G ■ a) = G ■ g(a), gG a g 1 = G g{a) , g(G ■ a) = g(G ■ a), and 
if G is algebraic, dim G ■ a = dim g(G ■ a). 

Let G = D n . Lemma 5(i) implies that \J™ =1 Hi is the set of points whose 
G-stabilizer has positive dimension. By (53), it is ^-invariant. Since the 
restriction of g to the variety IJILi Hi is its automorphism, g permutes its 
irreducible components Hi, ... , H n , i.e., there is a permutation a G S n such 
that 

g{Hi) = H a{i) for every i = l,...,n. (54) 

Since the ideal in /c[A n ] determined by Hi is generated by Xi, this shows that 
the polynomial g*(xi) divides x a ^, hence g*{xi) = Ux a ^ for some nonzero 
U G k. Therefore, g G N GLn (D n ) (see (3), (8)). This proves (i). 

Further, let G = D n (h, . . . ,l n ), (h,...,l n ) + (0,...,0). 

Assume that condition (a) holds. Then (53) and Corollary of Lemma 7 
imply that g permutes the orbits 0\,...O n , i.e., there exists a permutation 
o G S n such that g(Oi) = O a u\ for every i. In view of Lemma 6 and (53), 
this implies that g has property (54), and as is shown above, the latter 
implies that g G NQL n (D n ). Thus, (51) is proved in the case when condition 
(a) holds. 
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Assume that condition (b) holds. Then g-invariance of U£=i Hi follows 
from (53) and Lemma 8. Now the same argument as for G = D n completes 
the proof of (51) in the case when condition (b) holds. 

Assume that condition (c) holds. Proving (51), we may replace G by the 
group conjugate to G by means of an appropriate element of NQ-^ n (D n ) 
and assume that (35) holds. The set {a <G A n | dim G a > 0} is closed 
(see [PoVi94, 1.4]). By virtue of (53), it is g-invariant, and Lemmas 5 and 
10(h) imply that its (n— l)-dimensional irreducible components are H q+ i, . . . 
. . . , H n . Hence g permutes H q+ ±, . . . , H n . Further, it follows from Lemmas 
5 and lO(ii) that O p+ \, . . . , O q are all the G-orbits O in A ra such that G a is fi- 
nite and nontrivial for a € O. From (53) it then follows that g permutes the 
orbits Op+i, • • • , Oq and, therefore, permutes their closures H p+ i, . . . , H q . 
Finally, in view of Lemmas 5 and 10(ii), all the G-orbits O in A n such 
that G a is trivial for a € O are exhausted by the orbits 0\ , . . . , O p and 
G ■ a, where a UILi Hi- Since G is reductive, every G-orbit in A n con- 
tains in its closure a unique closed G-orbit (see [PoVi94, Cor. p. 189]). By 
Lemma 6, for each of the orbits 0±, . . . ,O p this closed orbit is the fixed 
point (0, . . . , 0). On the other hand, by Lemma 10(i), the closed orbit lying 
in G • a for a £ IJILi Hi has dimension q — 1 ^ 1 and, therefore, is not the 
fixed point. Hence g permutes 0\,... ,O p , and therefore, permutes their 
closures Hi, ... , H p . Thereby, it is proved that (54) holds for a certain per- 
mutation a € S n - As above, this allows to conclude that (51) holds in case 
(c). Thus, (ii) is proved. 

Assume now that k = 1 and lj = for j 7^ i. From (53) and Lemma 1 1 (i) 
it follows that the closed set Uj^i Hj is invariant with respect to g. Hence g 
permutes its irreducible components Hi, . . . , -ffj+i, • • • , H n . As above, 
from here we conclude that for j ^ i the equality gj = tjX a rj\ holds for 
some tj £ k and some permutation a of the set {1, . . . , i — 1, i + 1, . . . , n}. 
Further, (53) and Lemma 11 imply that g(Oi) is an orbit open in a certain 
hyperplane H(c) (see the notation in Lemma 11). Since Oi = Hi, and Xi 
and Xi + c are, respectively, the generators of the ideals of hyperplanes Hi 
and H(c), we conclude that ^ = g*(xi) differs from Xi + c only by a nonzero 
constant factor: gi = tjXj + s for some U,s G k, U ^ 0. Thus, g is of the 
form (52). Conversely, clearly, every element g G Aut A n of the form (52) 
normalizes G. This proves (iii). 

Finally, let us prove the first claim of this theorem. According to (i), (ii), 
and (iii), the group A^ut A™ {D n (li , . . . , l n )) is algebraic if either (Zi, . . . , l n ) = 
(0, . . . , 0), or (Zi, . . . , l n ) 7^ (0, . . . , 0) and any of conditions (a), (b), (c) of 
statement (ii) or condition of statement (iii) hold. The only case not covered 
by these conditions is that when among l\, . . . , l n there are numbers with 
different signs. However, it follows from Lemma 9 that in this case there are 
no nonconstant D n {l\, . . . , Z„)-invariant regular functions on A™. But then 
by Corollary 10 of Theorem 5 we conclude that Nj^nt A n (D n (h, . . . ,Z„)) is 
algebraic. □ 
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6. Fusion theorems for tori in Aut A n and Aut* A™ 

Fusion theorems describe subgroups that control fusion of subsets under 
conjugation. Namely, let G be an (abstract) groups and let if be its sub- 
group. We say that Nq(H) controls fusion of subsets in if under conjugation 

by the elements of G, if the following property holds: 

lor any subset b C H and an element g G G such that 

gSg~ l C if, there is an element u; € Nq{H), such that 

gsg~ l = wsw~ l for every element s E S. ^ ' 

If property (F) holds for a pair (G, if), then we say that for if in G fusion 
theorem holds. Notice that the action of Nq{H) on if by conjugation boils 
down to the action of the "Weyl group" N G (H)/Z G (H). 

Examples 7. Fusion theorem for if in G holds in the following cases: 

1. G is a finite group and if is its Abelian Sylow p-subgroup. It is the 
classical Burnside's result. 

2. G is an affine algebraic group and ff is its maximal torus. It is the 
classical result of the theory of algebraic groups, see, e.g., [SeOO, 1.1.1]. 

3. (G, ff) = (Cr n ,f) n ). It is Serre's result [SelO, Thm. 1.1]. Since every 
n-dimensional torus in Cr n is maximal and conjugate to D n (see Theorem 
2(i),(ii)), here one can replace D n by any n-dimensional torus. Recall that 
for n ^ 5 in Cr„ there exist (n — 3)-dimensional maximal tori (see Corollary 
7(iii)). 

Question 8. Does fusion theorem hold if D n is replaced by such a torus'! 

We shall now prove that fusion theorem holds for n-dimensional tori in 
Aut A n and (n — l)-dimensional tori in Aut*A n . 

Lemma 13. For every element g = (g±, . . . ,g n ) G Aut A n there is an ele- 
ment g' 6 SL n such that if s^gsg -1 G GL n , then 

gsg' 1 = g'sg'' 1 . (55) 

Proof. Let gi = gf^ +gf^ + • • • , where gf* is a form of degree s'm.x\,...,x n . 
Since Jac(g) 6 k, we have Jac(g) = det(dgi/dxj\ x _ x ). But the right- 
hand side of this equality is equal to det(dg^ /dxj). Hence 

g W:=(gW,...,gV>)€GL n . (56) 

The automorphism is the differential of the automorphism g at the point 
(0, . . . , 0). From (56) it follows that 

(i) <7 = <7 (1) if5SGL n ; 

(ii) (0 O )(i) = g W a and (a 5 )« = a^^ 1 ) if a € GL n . 1 j 

Now let s and t := gsg~ l be the elements of GL n . In view of (56), we 
have f/ 1 ) € GL n , and gs = tg and (57) imply that g^s = tg^\ Therefore, 
the product of g^ by a constant a G fc such that a™ det f/ 1 ) = 1 can be 
taken as g' . □ 

Theorem 9. The following pairs (G, ff) have property (F): 
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(i) (Fusion theorem for n-dimensional tori in Aut A n ) 

(G,H) = (Aut A n , an n-dimensional torus). 

(ii) (Fusion theorem for (n — 1) -dimensional tori in Aut* A") 

(G,H) = (Aut* A™, an (n — 1)- dimensional torus). 

Proof, (i) Let G = Aut A™, let H be a torus, and AvcuH = n. Then, by- 
Theorem 3 we may assume that H is a maximal torus in GL„. Maintain 
the notation of the formulation of property (F). By Lemma 13 there exists 
an element g' G GL n such that for every element s G S equality (55) holds. 
Therefore, g'Sg'^ 1 = gSg^ 1 C H. Since g' G GL n , this shows that 

H' := g'-'Hg* (58) 

is another maximal torus in GL„ containing S. The tori H and H 1 lie in 
the (closed [Bo91, 1.1.7]) subgroup ZQi n (S) of the group GL„ and therefore, 
are maximal tori of Zq\ Ju (S). In view of conjugacy of maximal tori in any 
affine algebraic group [Bo91, IV. 11. 3], there is an element 

zeZ GLn (S), (59) 

such that 

H' = zHz- 1 . (60) 

From (58) and (60) it follows that w := g'z G NQ^ n (H), and from (59) and 
(55) that gsg -1 = wsw^ 1 for every s G S. This proves (i). 

(ii) The same argument applies in the case where G = Aut*A n , H is a 
torus, and dim if = n — 1: one only has to replace GL n by SL n , the reference 
to Theorem 3 by the reference to Theorem 4, and notice that by Lemma 13 
the element g' may be taken from SL n . □ 

7. Applications: The classifications of classes of conjugate 

subgroups 

In this section, using the obtained results, we derive the classifications 
specified in the Introduction and, in particular, prove the generalizations to 
disconnected groups of the Bialynicki-Birula's theorems on linearization of 
actions on A™ of tori of dimension ^ n — 1. 

Theorem 10. Let G be an algebraic subgroups o/Aut A n such that G° is a 
torus. 

(i) If dim G = n or n — 1, then there is an element g G Aut A n such 
that gGg- 1 C GL„ and gG°g~ 1 C D n . 

(ii) If G C Aut*A n and dimG = n — 1, then there is an element g G 
Aut*A n such that gGg- 1 C SL n and gG°g- 1 = D* n (see (9)). 

Proof, (i) By virtue of conjugacy of maximal tori in GL n , it suffices to prove 
the existence of g G Aut A n such that gGg^ 1 C GL n . 

The group G is reductive. Therefore, by Corollary of Theorem on etale 
slice [Lu73, Cor. 2, p. 98] the claim holds if /c[A n ] G = k (here only reductivity 
of G is used, not the stronger condition that G° is a torus). Therefore, in 
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what follows we may assume that /cfA™] 6, / k. The latter is equivalent to 
the condition 

k[A n f° + k. (61) 

In view of Theorem 3 and equality (13) , replacing G by a conjugate group, 
we may assume that 

G° = D n (li, ...,l n ) C GL n . (62) 

The claim on the existence of g will be proved if we show that (62) and (61) 
imply the inclusion 

G C GL n . (63) 

Let F be a finite subgroup of G that intersects every connected component 
of this group — such a subgroup exists, see [BoSe64, Lemme 5.11]. Then 

G = FG°. (64) 

Since G° is a normal subgroup of G, we have F C NA u tA n (F> n (h, ■ ■ ■ , Z„)). 
In view of Theorem 6 this shows that 

F C N GLn (D n ) C GL n , (65) 

if either (h, ■ ■ ■ ,l n ) = (0, . . . , 0), or (Zi, . . . , Z n ) ^ (0, . . . , 0) and any of con- 
ditions (a), (b), (c) of statement (ii) of Theorem 6 holds. By virtue of (62) 
and (64), this proves (63) for the specified (Zi, . . . , Z n )'s. From Lemma 9 
and (61) it now follows that it remains to consider the last possibility for 
(Zi, . . . , Z n ), namely, that where k = 1 and lj = if j ^ i for certain i. 

Turning to its consideration, take some element g £ F. Then, by Theorem 
6(iii), equalities (52) hold. Since F is finite, the order of g is finite. This 
implies that in (52) we have s = 0. This and (8) mean that in the case under 
consideration (65) holds as well, and therefore, (63), too. This proves (i). 

(ii) The proof is the same as that of (i) if Aut A n is replaced by Aut* A™, 
GL„ by SL„ = GL„ f| Aut* A n , D n (l u . . . , l n ) by D*, the reference to Theo- 
rem 3 by the reference to Theorem 4, and it is taken into account that D* 
is the maximal torus of SL n . □ 

Theorem 11 (Classification of n-dimensional diagonalizable subgroups of 
Aut A n up to conjugacy in Aut A 1 ). Up to conjugacy in Aut A n , the torus 
D n is the unique n-dimensional diagonalizable subgroup o/Aut A n . 

Proof. By virtue of Theorem 10 this follows from the fact that in GL n ev- 
ery diagonalizable subgroup is conjugate to a subgroup of the torus D n 
(see[Bo91, p. 112, Prop.(d)]). □ 

Theorem 12 (Classification of (n — l)-dimensional diagonalizable sub- 
groups of Aut* A n up to conjugacy in Aut*A n ). Up to conjugacy in Aut* A™, 
the torus D* L is the unique (n — 1)- dimensional diagonalizable subgroup of 
Aut ' A". 

Proof. By virtue of Theorem 10, this follows form the fact that in SL n every 
diagonalizable subgroup is conjugate to a subgroup of the torus F)* n (this 
easily follows from [Bo91, p. 112, Prop.(d)]). □ 
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Theorem 13 (Classification up to conjugacy in Aut A n of maximal n-dimen- 
sional algebraic subgroups G of Aut A™ such that G° is a torus). Up to 

conjugacy in Aut A™, the group NQ^ n (D n ) (see (8)) is the unique maximal 
algebraic subgroup of Aut A n whose connected component of identity is an 
n-dimensional torus. 

Proof. By virtue of Theorem 10, this follows from the fact that D n = 
N GLn (D n )°. □ 

Theorem 14 (Classification up to conjugacy in Aut* A™ of maximal (re — 1)- 
dimensional algebraic subgroups G in Aut* A™ such that G° is a torus). Up 
to conjugacy in Aut*A n , 

N SLn (D* n ) = N GLn (D n )nSL n 

is the unique maximal algebraic subgroup o/Aut*A n whose connected compo- 
nent of identity is an [n — 1)- dimensional torus. 

Proof. By virtue of Theorem 10, this follows from the fact that D* = 
A SL „(D*)°. □ 

Denote by C n the additive monoid of all (h,... ,l n ) £ Z™ such that 

(a) h ^ ■ ■ ■ < l n ; 

(b) (li,...,l n ) ^ ( — In, • • • ) — ^i) w hh respect to the lexicographical or- 
der on Z n . 

Theorem 15 (Classification of (re— l)-dimensional diagonalizable subgroups 
in Aut A n up to conjugacy in Aut A"). 

(i) Every (re- 1) -dimensional diagonalizable subgroup of the group Aut A™ 
is conjugate in Aut A™ to a unique subgroup of the form 

D n (h, . . . ,l n ), (h,..., \{(0,...,0)}. (66) 

(ii) Every subgroup (66) is an (n — 1)- dimensional diagonalizable group. 

Proof. Let G be an (re — l)-dimensional diagonalizable subgroup of Aut A™. 
Taking into account Theorem 10(i), conjugacy in GL„ of every diagonal- 
izable subgroup of this group to a subgroup of the torus D n , and Corol- 
lary 2(h), we conclude that G is conjugate in Aut A™ to a certain subgroup 
D n (li, . . . , l n ) with (li,...,l n ) j^z (0, ...,0). It follows from the definition 
of C n and Corollary 2(iv) that we may presume that (l±, . . . ,l n ) € C n . 
Assume that G is also conjugate in Aut A n to a subg roup D n (l^, . . . , Z ra ) 
with (l[ , . . . , l' n ) G C n . Then D n (l\, ...,/„) and D n (l[, . . . , l' n ) are conjugate 
in Aut A™, and therefore, Theorem 9(i) implies that they are conjugate in 
NGL n (D n ). In view of Corollary 2(iv) and Definition C n , this implies that 
(h, ...,/„) = ... , l' n ). This proves (i). 

Statement (ii) follows from Corollary 2(h). □ 

From Theorems 6, 11, and 15 we deduce 

Theorem 16. If G is a diagonalizable subgroup of Aut A" of dimension 
^ n — 1, then iVAut A n {G) is an algebraic subgroup of Aut A n . 
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Remark 6. It is easy to see that n — 1 in Theorem 16 cannot be replaced by 
a smaller integer. 

Theorem 17 (Classification of (n— l)-dimensional diagonalizable subgroups 
of Aut A™ up to conjugacy in Cr n ). 

(i) Two diagonalizable (n — 1) -dimensional subgroups of the group Aut A™ 
are conjugate in Cr„ if and only if they are isomorphic. 

(ii) Every (n— 1)- dimensional diagonalizable subgroup of the group Aut A" 
is conjugate in Cr n to a unique closed subgroup of D n of the form 

kere^, d eZ. 

Proof. This follows from Theorems 15 and 1 and Corollary 2(i). □ 

For n ^ 3, Theorems 2(i), 11, and 15 yield the classification of all tori in 
Aut A n up to conjugacy in Aut A™ except for one-dimensional tori in Aut A 3 . 
The classification of the latter is given below in Theorem 18. 

Theorem 18 (Classification of one-dimensional tori in Aut A 3 up to con- 
jugacy in Aut A 3 ). Every one- dimensional torus in Aut A 3 is conjugate in 
Aut A 3 to a unique torus of the form T(l\, h,h), where I2, 13) € £3. 

Proof. Let G be a one-dimensional torus in Aut A 3 . By Theorem 3 it is 
conjugate in Aut A 3 to some torus T(li,l 2 , Is). In view of (8) and the equal- 
ity T(h,l2,h) = T{—l\,—l2,—h), we may presume that (h,h,h) G £3. 
Assume that G is conjugate in Aut A 3 to another torus T^,^,^) with 
G -^3- Tnen T {hM,h) and T(Zi,^,Z 3 ) are conjugate in Aut A 3 , 
and therefore, by Theorem 9(i), also in Nql.^Ds). From this, Corollary 
2(iv), the definition of C n , and Lemma 4, it is then not difficult to deduce 
that (h,l 2 ,h) = (liAX) ■ D 

8. Jordan decomposition in Cr n . Torsion primes for the 

Cremona groups 

Although the Cremona groups are infinite dimensional (this has a precise 
meaning, see [Ra64] ) , the analogies between them and algebraic groups strike 
the eye: they have the Zariski topology, algebraic subgroups, tori, roots, the 
Weyl groups, ... In [SelO, 1.2] Serre writes about the analogy 

"groupe de Cremona de rang n < — > groupe semi-simple de rang n" . 

Below we briefly touch upon two topics demonstrating that these analogies 
extend further. The second of them is intimately related to tori in the Cre- 
mona groups. 

Jordan decomposition in Cr^. 

Let A be an algebraic variety. "Algebraic families" endow Bir X with the 
Zariski topology [Ra64], [B110, 2], [SelO, 1.6]: a subset of Bir A is closed if 
and only if its inverse image for every algebraic family S — > Bir X is closed. 
For every algebraic subgroup G in Bir A and its subset Z, the closures of 
Z in this topology and in the Zariski topology of the group G coincide. In 
particular, G is closed in Bir A. 
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Let us call an element g £ Bir X algebraic if in Cr n there is an algebraic 
subgroup G containing g. This is equivalent to the property that the closure 
of the cyclic group generated by g is an algebraic group. If G is affine, then 
for g the Jordan decomposition in G is defined, see [Bo91, Chap. I, §4]: 

9 = 9s9n (67) 

In fact, g s and g n depend only of g, not of the choice of G. Indeed, let G' be 
another affine algebraic subgroup of Bir X containing g, and let g = g' s g' n be 
the Jordan decomposition in G'. Since Gn G 1 is a closed subgroup of G and 
of G' , there exists the Jordan decomposition g = g'^g'^ in G D G'. Applying 
theorem on behaviour of the Jordan decompositions under homomorphisms 
(see [Bo91, Thm. 4.4(4)]) to the embeddings Gf-GnG'^G',we obtain 
9s = 9s, 9n = 9n, g' s = 9s,9n = 9n- Hence, if we call (67) the Jordan 
decomposition in Bir A, we get the well-defined notion. 

According to [Ma63], every algebraic subgroup of Cr n is affine. Therefore, 
in Cr n every algebraic element admits the Jordan decomposition. 

Jordan decompositions in algebraic groups have several known properties 
[St65], [Bo91], for instance: 

(a) Every semisimple element of a connected group lies in its torus. 

(b) The set of all unipotent elements is closed. 

(c) The conjugacy class of every semisimple element of a connected re- 
ductive group is closed. 

(d) The closure of the conjugacy class of every element g of a connected 
reductive group contains g s . 

Recall that Cr„ is connected and, for n = 1,2, simple [B110], and that 
Aut A n , Aut*A n are connected and Aut*A n is simple [Sh66], [Sh82]. It is 
natural to ask: 

Question 19. Are there analogues or modifications of the mentioned pro- 
perties for the groups Cr„, Aut A™, and Aut*A n ? 

For instance, property (a) for Cr n holds if n = 1, but does not hold if 
n > 1. Indeed, if n > 2, then by [Pol2, Thm. 4.3] in Cr„ there is a semisim- 
ple element of order two that is not contained in any connected algebraic 
subgroup of the group Cr n . If n = 2, then by virtue of Theorem 2(ii) and 
Corollary 5, all the elements of order d < oo in Cr„ that can be included in 
tori constitute a single conjugacy class, while, for instance, for even d, the 
set of all elements of order d is the union of infinitely many conjugacy classes 
[B107]. On the other hand, in the groups Aut A 2 and Aut* A 2 property (a) 
holds, because action of every finite group on A 2 is linearizable [Ig77]. 

Torsion primes for the Cremona groups. 

Let G be a connected reductive algebraic group and let p be a prime in- 
teger. Recall (see [SeOO, 1.3] and references therein) that p is called torsion 
prime for the group G if in G there is a finite Abelian p-subgroup not con- 
tained in any torus of the group G. The set Tors(G) of all torsion primes 
for the group G admits various interpretations. For instance, p 6 Tors(G) 
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for k = C if and only if Hj(G, Z) contains an element of order p (this ex- 
plains the name). Finding Tors(G) is reduced to the case where G is simply 
connected. For every simple G the set Tors(G) is explicitly described. 

The possibility to speak about tori in groups of the form Bir X where X is 
an algebraic variety, makes it possible to replace G in the above definition by 
Bir X or its subgroup thereby obtaining the well-defined notion. In particu- 
lar, we consider what is obtained when G is replaced by Cr n , Aut A n , or 
Aut* A™ as the definitions of torsion primes for these groups. Denote the sets 
of these primes respectively by Tors(Cr n ), Tors(Aut A"), and Tors(Aut*A n ). 
It is natural to ask 

Question 20. What are, explicitly, the sets Tors(Cr„), Tors(Aut A n ), and 
Tors(Aut*A n )? 

(About Tors(Cr n ) this question has been formulated and discussed in talk 
[Pol2].) 

Since Cri = PGL2, we have 

Tors(Cri) = {2}. (68) 

According to [B107], for every d = 2,3, and 5, in C12 there are infinitely 
many conjugacy classes of elements of order d. On the other hand, as is 
explained at the end of section on Jordan decomposition, in Cr2 there is 
the unique conjugacy class of elements of order d contained in tori. Hence 
2,3, and 5 are torsion primes for the group Cr2. Consider a prime integer 
p > 5. According to [Fe04, Thm. E], every element g € Cr2 of order p lies in 
a subgroup isomorphic to AutP 2 = PGL3. Hence g lies in a torus. Finally, 
according to [BIO62, Thm. B, p. 146], in Cr2 there is a unique up to conjugacy 
noncyclic finite Abelian p-group (it is denoted by O.mn), and this group is 
contained in a maximal torus of a subgroup isomorphic to (Aut (P 1 x P 1 )) = 
PGL2 XPGL2. Thus we conclude that the torsion primes for Cr2 are the same 
as that for the exceptional simple algebraic group Eg: 

Tors(Cr 2 ) = {2,3,5}. (69) 

From Aut A 1 = Aff 1 and [Ig77] it follows that every finite subgroup of 
Aut A™ (respectively, Aut* A n ) for n ^ 2 is contained in a subgroup isomor- 
phic to GL n (respectively, SL n ). Therefore, 

Tors(Aut A") = Tors(Aut*A n ) = {0} for n < 2. 

For n ^ 3, there is no comprehensive information about the sets Tors(Cr n ), 
Tors(Aut A n ), and Tors(Aut*A"). From [Pol2, Thm. 4.3], (68), and (69) it 
follows that 

Tors(Cr n ) = {2,...} for every n. (70) 

According to [Be07], in Cr2 there is a 3-elementary Abelian subgroups of 
rank 3 (i.e., isomorphic to (/x d ) 3 ). Since Cri contains a cyclic subgroup of 
order 3, and the direct product of Cr2 and n — 2 copies of Cri can be 
embedded in Cr n for n ^ 3, this implies that in Cr n there is a 3-elementary 
Abelian subgroup G of rank n + 1. But from Lemma 2(i) it follows that for 
every prime integer p, the rank of any elementary Abelian p-subgroup of an 
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r-dimensional torus is at most r. From this and Theorem 2(i) it follows that 
G is not contained in a torus of Cr n . In view of (69) and (70), this yields 

Tors(Cr n ) = {2, 3, . . .} for any n ^ 2. 

Question 21. What is the minimal n such that 7 lies in one of the sets 
Tors(Cr n ), Tors(Aut A"), and Tors (Aut*A n )? 

Question 22. Are these sets finite? 
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